Quantum walk as a generalized measuring device 
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We show that a one-dimensional discrete time quantum walk can be used to implement a gener- 
alized measurement in terms of positive operator value measure (POVM) on a single qubit. More 
precisely, we show that for a single qubit any set of rank 1 and rank 2 POVM elements can be 
generated by a properly engineered quantum walk. In such a scenario the measurement of particle 
at position x = i corresponds to a measurement of a POVM element Ei on a qubit. We explicitly 
construct quantum walks implementing unambiguous state discrimination and SIC-POVM. 



Introduction. Discrete time quantum walk is a process 
in which the evolution of a quantum particle on a lattice 
depends on a state of an auxiliary system (coin). In the 
simplest version of a one-dimensional quantum walk the 
coin is a two-level system. The particle moves either one 
step to the left or to the right depending on the state 
of the coin. Between subsequent steps the state of the 
coin evolves, which after many steps of the walk results in 
nontrivial correlations between the coin and the particle's 
position and in a spatial probability distribution that in 
general cannot be reproduced by classical random walks 

mm- 

A single step of an initially localized quantum walk can 
be considered as a projective von Neumann measurement 
of the coin, because if one finds the particle at position 
x ± 1 one knows that the state of the coin corresponds 
to the "right/left shift". However, in general one can al- 
low the system to evolve for more than one step before 
the position measurement is done. In this case the par- 
ticle can be found in more than two different positions 
and one may ask whether the measurement of particle at 
position x = i corresponds to some generalized measure- 
ment of the qubit, i.e., a positive operator value measure 
(POVM) on the coin state. In this work we investigate 
such a possibility. 

POVMs allow one to gain more information from a 
single measurement than the standard von Neumann 
projective measurements. Their wide applicability in- 
clude discrimination of quantum states [4] and quantum 
state tomography in terms of symmetric informationally 
complete (SIC) POVMs [5]. Physically, POVMs cor- 
respond to projective measurements on a joint system 
of the system of interest and an ancilla whose state is 
known. Mathematically, POVM elements Ei are given 
by Ei = Tr a „ c {(l (g> cr)^}, where 1 is the identity op- 
erator on the Hilbert space of the system, a the state 
of an ancilla, 7r^ is the von Neumann projector on the 
joint Hilbert space and one traces out an ancillary sys- 
tem. The probability of measuring the i'th POVM ele- 
ment on a state p is given by Tv{Eip}. In addition to the 
non- negativity condition Ei > the complete set of mea- 
surement operators has to have the resolution of identity, 



therefore POVM elements obey J2i-^i = 1- In case of 
quantum walks the role of ancilla is played by the posi- 
tion of the particle and the form of the effective projector 
TTi stems from the nontrivial evolution of the walk. 

For a one-dimensional discrete time quantum walk the 
state of the system is described by two degrees of freedom 
\x, c), the position of the particle x = . . . , —1, 0, 1, . . . and 
the coin c Since the dynamics of the system is 

discrete, one step is given by the unitary operator U (t, t+ 
1) = TC(x,t), where 

T = ^2\x + l,^)(x,^\ + \x-l ) <-)(x ) <- | 

x 

is the conditional translation operator and C(x,i) is a 
coin operator whose action in general can depend on po- 
sition and time 

C(x,t)\x,-t) = a(x,t)\x, ->) + /3(x,t)\x, <-), 
C(x,t)\x,<-) = P*(x,t)\x,-t) - a*(x,t)\x <-). 

Throughout the paper we use the notation | — >) = (1, 0) T 
and | <-) = (0, 1) T . 

The one step is analogical to an action of Stern-Gerlach 
device (S-G) on spin 1/2 particles. The action of the coin 
operator corresponds to spin rotation which is analogical 
to the choice of a specific direction of S-G or an appli- 
cation of a linear magnetic field, whereas the splitting 
of the particle beam is obtained via an application of T, 
which corresponds to a magnetic field gradient. In princi- 
ple, before the actual measurement happens (particles hit 
the screen) one can perform another spin rotation (coin 
operation) and beam splitting (T operation) . Interesting 
effects may happen if one allows different particle beams 
to interfere before they hit the screen. 

Quantum walks are computationally more efficient 
than their classical counterparts and were shown to be 
able to efficiently solve a number of problems [6]. In 
particular, it was shown that they are capable of univer- 
sal quantum computation [7J. Moreover, quantum walks 
were implemented in laboratory and it was shown that 
one can achieve a substantial control over the evolution 
of a quantum walker [8] . It is therefore of great impor- 
tance to investigate and to exploit all the possibilities 
that quantum walks can offer. 



2 



The rest of the paper is organized as follows. We pro- 
vide a simple example of a quantum walk that is capa- 
ble of optimal unambiguous state discrimination of two 
equally probable qubit quantum states. The analysis of 
this example allows us to construct a general algorithm 
for a generation of arbitrary POVM elements. We then 
discuss how to modify a standard S-G apparatus, which 
in many textbooks is considered as a flagship example of 
von Neumann measurement, to allow it to perform gen- 
eralized measurements. The modification is based on our 
quantum walk model. In particular, we consider imple- 
mentation of the state discrimination protocol. Deriva- 
tion of POVM elements for the state discrimination pro- 
tocol and an explicit quantum walk algorithm for gener- 
ation of SIC POVM are given in the appendix. 

Example: unambiguous state discrimination. Imagine 
that one is given one of two qubit states {|0),a|0)+/3|l)} 
with equal a priori probabilities. The goal is to find which 
of the two states was given. We consider three possible 
answers to this test: it is definitely state 1, it is definitely 
state 2, or I do not know. 

Now, let us introduce a quantum walk capable of 
achieving this goal. First, we note that it is always pos- 
sible to represent the two states as \ip±) — cos|| — > 
) ± sin 1 1 «— ), where 6 e [0, |]. For the first step we 
choose the coin operator to be trivial C(x,0) = 1, hence 
the state after one QW step is 

|V±(l))=cos^|l,^)±sin^|-l,^). 

For the next step the coin operators are 

C{-l,l) = NOT=Q j), 

/ J 1 - tan 2 % tan % \ 

C ^= e I -Ti)> 

\ tan § -Jl-tan 2 |/ 

and identity elsewhere, therefore the state after coin op- 
eration is 

C(x, 1)|V±(1)) = \/c^0|l, ^)+sin 6 -\l, <-)±sin 9 -\-l, ->) 
and after translation 

6 
|V±(2)) - Vco^|2, ->) + sin -|0, <-) ± sin -|0, ->■). 

Finally, for the third step the coin operator is identity 
everywhere except for position x = for which it is the 
Hadamard operator 

C( o,2)=*=-L(; ^. 

therefore 

Q 

|V>±(3)) = \/cos0|3,->) ± \/2sin -| ± !,->■). 



As a consequence, if one measures particle at position 
x = 1, one immediately knows that the coin was in \tp+) 
state, if at position x = — 1 it was state, and if at 
position x = 3 one learns nothing. In the appendix A 
we show that the above quantum walk indeed generates 
the POVM elements corresponding to the unambiguous 
state discrimination problem. 

Generation of arbitrary rank 1 POVM elements. We 
focus on rank 1 POVMs, since higher rank POVMs can 
be constructed as a convex combination of rank 1 ele- 
ments. We will come back to this problem at the end of 
the next section. In case of a single qubit the orthogonal- 
ity relation between states and rank 1 POVM elements 
uniquely determines the latter up to the magnitude. This 
property is going to be our main tool in the construction 
of a quantum walk algorithm for POVM elements. 

To clarify what we mean, let us start with the fol- 
lowing observation. Imagine that the initial state of the 
quantum walk is localized at position x = and that 
the initial coin state is either one of the two orthogonal 
states or \ip±). Next, assume that at some stage of 
the quantum walk there is nonzero probability of finding 
the particle at position x for both initial states. If we 
apply a unitary coin operation at position x such that 
after the subsequent translation there is nonzero prob- 
ability of finding the particle at position x + 1 for the 
initial state \ip) 1 but the probability of finding the parti- 
cle at position x + 1 is zero for the initial state \ip±), then 
the measurement corresponding to position x has to cor- 
respond to rank 1 POVM element of the form a\ip)(ijj\, 
where < a < 1. Here we assume that the probability 
that particle is at position x + 1 could only be due to 
translation from x, not x + 2 (due to a reason that will 
become clear in a moment). Furthermore, note that it is 
always possible to find a proper coin operator. The coin 
states at position x corresponding to initial coin states 
\ip) and \ip±_) can be denoted as \<f>) and \<f>'), respectively. 
These two states do not have to be orthogonal. It is clear 
that there always exists a unitary operation that trans- 
forms \<f>') into | <—), therefore if we apply this operation 
as a coin transformation at position x, the subsequent 
translation will be always to position x — 1, not x + 1, 
given the initial coin state was 

Let us now propose an algorithm for the generation of 
an arbitrary rank 1 POVM {E\, . . . , E n }, where E t — 
ai\i>i){ipi\- 

1. Initiate the quantum walk at position x — with 
the coin state corresponding to the qubit state one 
wants to measure 

2. Set i := 1 

3. While i < n do: 

(a) Apply coin operation at position x = 
and identity elsewhere and then apply trans- 
lation operator T 
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(b) Apply coin operation C\ at position x = 1, 
NOT at position x = —1 and identity else- 
where and then apply translation operator T 

(c) i := i + 1 

The POVM that is going to be generated depends 
solely on the coin operators C t - and C 8 - which are of 
the form 

Cf =I^J + 1^1 (1) 

and 

r (2) _ / cos6>i sin6»i \ 

^sin^ -cos 61 i) ' 1 j 

In the above |$) is the state that at this stage of the 
algorithm would correspond to the coin state at position 
x = if the initial coin state was \ipi±) ((f/'il^iJ-) = 0) 
and is a state orthogonal to \4>'^). This guarantees 

that after the step 3(a) the POVM element at position 
x = 1 is proportional to \ipi){ipi\. The angle Qi is chosen 
such that after the step 3(b) the element at position x = 2 
has proper magnitude cij. 

Before we prove the algorithm's capability of gener- 
ating an arbitrary rank 1 POVM, let us note that it 
generates spatial probability distribution over positions 
x = 2k, k = 0, ...,n - 1. The POVM element E t 
corresponds to the measurement of particle at position 
x = 2{n — i). Note, that the previously considered al- 
gorithm for unambiguous state discrimination is in fact 
a special case of the above one (without the last step 
3b). The interference phenomenon occurs only at posi- 
tion x = and once the particle passes the position x = 1 
it can only move to the right (which clarifies our previ- 
ous assumption that there is no translation from x + 2 to 
x + 1). On the other hand, due to the NOT operation at 
position x = — 1 the particle can never pass beyond this 
point. 

Proof of universality. We have already shown that 
a proper choice of allows one to generate an ele- 
ment proportional to ai\ipi) (ipi\ for any \tpi). What is 
left to show is that the algorithm gives one a possibil- 
ity to manipulate with the magnitude a^. We follow the 
inductive approach. Firstly, note that for the first rep- 
etition of the subroutine 3(a)-(c) (i = 1) the state of 
the particle is initially localized at x = and the step 
3(a) corresponds to a standard von Neumann measure- 
ment. In particular, measurement of particle at position 
x = 1 and x = — 1 corresponds to qubit projections onto 
and \ipi±}(4'i±\j respectively. The subsequent 
step 3(b) results in two POVM elements. The first one 
cos 2 9i\t/ji)(tpi\ corresponding to x — 2 and the second 
one \ipi±_){ipi± \ +sin 2 6'i|V'i)(V'i| corresponding to x = 0. 
Note that 9\ can be chosen such that cos 2 9\ = a\, there- 
fore the element at position x = 2 corresponds to Ei and 
the one at x = to 1 — Ex. 



Next, let us assume that the quantum walk has al- 
ready generated elements {E±,E2 ■ ■ ■ , Ek] corresponding 
to positions a; = 2k, 2(k— 1), ... ,2, respectively (k < n—1 
since the generation of implies also the generation 

of E n due to the fact that POVM elements have the res- 
olution of identity). The resolution of identity implies 
that the measurement at position x — corresponds to 
£ = t — Ej- We apply C^_ 1 such that after the 

step 3(a) the element £ splits into E' k+1 = a|V>fc+i)(V , fc+i| 
at position x = 1 and £ — E' k+1 at position x = — 1. 
After the step 3(b) the element at position x = 2 is 
acos 2 9k+i\4'k+i){'4'k+i\, which corresponds to Ek+i if 
a cos 2 9k+i — afe+i- In general the range of ak+i can 
be < a,k+i < flmaxi where a max arises from the non- 
negativity constraint £ — a.max^k+i) ('4 , k+i\ > 0. Below 
we show that a = a max , therefore it is always possible 
to choose an appropriate angle 9k+i such that E^+i is 
generated at position x = 2. 

Since POVM elements act in a two-dimensional space 
the element £ — a ma x\ipk+i) (V'fc+il i s a unique rank 1 
operator because at least one of its eigenvalues is zero. 
Therefore, the goal is to show that after the step 3(a) 
the element corresponding to position x = — 1, given by 
£ — a\tpk+i)(fpk+i\, is also a rank 1 operator. This is 
trivial, since the measurement of the quantum walker at 
position x = — 1 gives us full information about the coin 
state, namely that it is | <— ), which can only happen if 
the measurement operator is rank 1. 

Finally, let us discuss the generation of rank 2 POVM 
elements. These elements can be constructed as a con- 
vex combination of two rank 1 elements. The above al- 
gorithm can be modified in the following way. Imagine 
that the algorithm generated N POVM elements corre- 
sponding to the measurement of the quantum walker at 
positions x — 0, 2, 4, ... , 2(A^ — 1) and that we want to 
construct a rank 2 element that is a combination of two 
rank 1 elements corresponding to positions x = 2i and 
x = 2j (j > i). It is enough to apply NOT coin operation 
at position x — 2j and then to apply conditional transla- 
tion j — i times. As a result, the two probability ampli- 
tudes originating from positions x = 2i and x = 2j meet 
at position x = i+j and the respective position measure- 
ment corresponds to the POVM element Ei + j = Ei+ Ej . 
The other rank 1 POVM elements are also shifted to the 
right by j — i positions, however their structure remains 
unchanged. 

Generalization of S-G apparatus. The main physi- 
cal mechanism that allows quantum walks to implement 
POVM is the interference between the probability am- 
plitudes of the quantum walker. This interference is not 
present in the standard von Neumann model of measure- 
ment (see for example [5]), whose flagship example is the 
S-G apparatus. However, in principle one may modify 
this apparatus to incorporate interference between parti- 
cle beams. 

Let us consider a beam of spin-1/2 particles incident 
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FIG. 1: Schematic picture representing generalization of S-G 
apparatus that incorporates POVM. In particular, the above 
setting visualizes the unambiguous state discrimination sce- 
nario. The heart of the setting is the last S-G magnet whose 
magnetic field gradient allows for an interference effect be- 
tween two spin-1/2 particle beams. Block magnets in between 
S-G magnets represent action of different homogeneous linear 
magnetic fields on the beams and correspond to coin opera- 
tions. S-G magnets correspond to conditional translations. 

upon S-G apparatus. Due to the gradient of magnetic 
field the beam splits into two beams. The upper beam 
contains particles whose spin is oriented "up" along the 
respective direction, and the lower beam contains parti- 
cles whose spin is oriented "down" . If we placed a screen 
behind the S-G magnet we would perform a standard pro- 
jective measurement in the "up" /"down" basis. However, 
we may continue the experiment by allowing two beams 
to pass through different homogeneous linear magnetic 
fields that would cause different rotations of spins. These 
beams fan out, but if we use additional S-G magnets we 
may split them again and some of new beams would over- 
lap. If this overlap happens in another S-G magnet one 
may cause the beams to interfere (just like in an optical 
beam splitter). 

In Fig. [T] we sketch a S-G implementation of the un- 
ambiguous state discrimination protocol based on the 
quantum walk that we introduced in the beginning of 
this work. The particle beam is split into two parts 
that pass through different homogeneous linear magnetic 
fields. In particular, the spin orientation of the upper 
beam is changed from "up" to "down" by the 7r rota- 
tion about an axis perpendicular to the beam. Due to 
this fact, the subsequent S-G magnet does not split this 
beam, but rather changes the direction of its propaga- 
tion. As a result, after the last S-G magnet there are 
only three beams corresponding to the outcomes: it is 
definitely state ip+ , it is definitely state ip- , and / do not 
know. 

Conclusions. We proved that discrete-time quantum 
walks are capable of performing generalized measure- 
ments on a single qubit. The main physical effect em- 
ployed in this process is the interference between the 
probability amplitudes of the quantum walker. In partic- 



ular, we proposed a quantum walk algorithm for the gen- 
eration of arbitrary rank 1 and rank 2 POVM elements 
for a single qubit. Moreover, we explicitly constructed 
quantum walks for unambiguous state discrimination of 
two equally probable qubit states and SIC-POVM (see 
appendix B). Finally, using quantum walk approach we 
considered a generalization of S-G apparatus. 
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APPENDIX A 

Here we the quantum walk generation of the POVM 
elements corresponding to the unambiguous state dis- 
crimination problem. We are going to consider only one 
POVM element, since the construction of the other two 
follows from this example. The initial state of the ancilla 
(position) is a = \x = 0) (x = 0|, whereas the projector 7Tj 
corresponds to 7r^ — W (\x = i) (x = i\ <g> 1) U . The uni- 
tary operator U generates the three steps of the above 
quantum walk, and the identity operator acts on the coin 
space. In order to evaluate the form of the projector 7Tj 
one has to consider the reversed quantum walk evolution 
due to U' on both states \i, — >) and \i, <—). Finally, in or- 
der to obtain the POVM element Ei one has to consider 
the overlap of 71", with the ancilla state and then trace 
over ancilla. 

Let us consider the POVM element EVi, i.e., the 
element corresponding to finding the particle at posi- 
tion x = —1. We start with the state | — 1,4— ). 
The first step of the reversed evolution corresponds to 
C{x, 2yT\ The reversed translation results in the state 
|0, <— ) and the application of the coin operator gives 
^ (|0, — >) — |0, <—))■ For the second step, the translation 

gives ^ (| — 1, — >) — \1, <— }) and the coin operation gives 

71 (l -!.<-> - tan ||1,^> + y fl- tan 2 §|1, Fi- 
nally, the last step is just reversed translation which re- 
sults in ^ M0,<-) - tan||0,->) + ^1 - tan 2 §|2,<-)^. 

Taking the overlap with the ancilla state \x = 0) one finds 
that the contribution of the above state to the POVM is 
^(|<_)_tan§|->». 

On the other hand, it is easy to see that the state 
| — 1, — ►) does not contribute to the POVM element, since 
the reverse evolution generates a state | — 4, — >) that has 
no overlap with position x = 0. Therefore, the POVM 
element is given by 




which is the correct POVM element for unambiguous 
state discrimination since E-\\ij)+) = [3]. 



APPENDIX B 

In this section we introduce a quantum walk that gen- 
erates symmetric informationally complete (SIC) POVM 
[5]. The POVM elements are proportional to projectors 



onto the following qubit (coin) states: 




Note, that |(^|^-)| 2 = § for i ^ j. 

The coin operators for the generation of SIC-POVM 
(see the steps of the algorithm) are 



r (i) _ fl r (2) _ JL A 1 ^ 

r (i) _ 1 M A r (2) _ 1 (V2 1 \ 

V2 V 3 e e J 6 



To visualize the action of the above coin operators, let 
us consider the algorithm for the four states 




Observe that (ipj \ ip 3 ■) = 0. After the first subroutine (3 
a-c for i = 1) the states are 



lV>i(i)> = 


|0,— 5 








1^2(1)) = 




|2,- 


■>> — |0, — JO, ««-», 




1^3(1)) = 


ft 


|2,- 


■>> — e*^ [0, ->) - |0,4 


-»■ 


1^4(1)) = 




|2,- 


^_ e -i¥| ,^)-| 0) 
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After the second subroutine (i = 2) Finally, after the third subroutine (i — 3) 

hM2)> = -yf|2,^)-y^|0,^) + ^|0,^), 1^(3)) = y|(_| 4) ^) +e if|2,^) +e -*f|0,-^)), 

1^2(2)) = ji|4,^)-J?|0,->), |^ (3)) = ./l ( | 6j ^ ) _ e -if|2 ) ^)- e *i|0,-^)) ) 



3 1 > / y 3 1 ' " - v 3 

1^3(2)) = ~ |^(3)) - y|(|6,^)-e-^|4,^)-|2,^)), 



_ y^ (e *f| ^) +e ^10,^)), 1^(3)) = y|(|6,^)-e^|4,^)-|0,^)). 

I^ 4 ( 2 )) = V^' 4 '^^ V^ 6 * 6 1 2 '^^ It is clear that |^i (3)) cannot be found at position x = 6, 

1^2 (3)) at position x — 4, | "03 (3)} at position x = and 



^ ((! : — : - : |(). H ). 'Ml-'''); " : position r = 2. 



